DGPS TSPI PROJECT
Coordinate Conversion from Geodetic to M easurement Frame

OBJECTIVE

The objectiveisto present equations which convert geodetic position data (i.e., latitude, longitude, and
dtitude) derived from a GPS receiver on board an aircraft to rectangular coordinates associated with a
measurement program. Both exact and gpproximate equations are presented.

MATHEMATICAL PRELIMINARIES

Earth Datum Modd

The WGS-84 modd for the earth is an oblate dlipsoid with semi-mgor axis a given by

a = 6,378,137.0 m Eq.1

Digance a is converted to English units using 39.37 in./m, the appropriate conversion factor for
geodetic survey goplications. Theresult is

a = 20,925,604.5 jt (US Survey) Eq. 2

The semi-minor axisb isnot defined. Instead the flattening f is pecified as

f= a-b _ 1 Eq. 3
a 298.257,223,563 g
Earth ParametersUsed for Calculations
For computationa formulas, the eccentricity e (actudly the square of the eccentricity €°) is used rather
than the flattening,
2 _ b\ _ 2 _
e“ = 1-|=| = 2f-f° = 0.006694379550141317 Eq. 4
a

Instead of the semi-mgjor axis, computationa formulas employ the “radius of curvaturein the prime
vertica” r, = ry(L)
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Here L isthelatitude of the location involved. Notethat r,, is not constant, but instead varies with
location (e.g., theradius of curvature is different at the aircraft and reference point locations); the
notation r (L) isintended to reinforce the fact that r, isafunction of L.

Reference Points and Air craft Geodetic Positions

Two reference points (or waypoints) are used. Thefirgt (and main) reference point isthe origin for
measurement program coordinate system. It has latitude L,, longitude 8,, and dtitude h,, dl relaive to
the WGS-84 dlipsoid. The second reference point is used to define the azimuth direction of the
measurement program loca coordinate frame. It has latitude L ,, longitude 8,, and dtitude h;.

The aircraft haslatitude L, longitude 8,, and dtitude h,,

EXACT EQUATIONS
Postionsin Earth-Centered Earth-Fixed (ECEF) Frame

The earth-centered earth-fixed (ECEF) frame, with axes x, y and z, is defined as follows.
x liesin plane of the equator, positive sense points 90 deg east of the Greenwich meridian
y coincideswith spin axis, pogtive sense points toward north pole

z liesin plane of the equator, positive sense points toward the Greenwich meridian
Vectors coordinatized in the ECEF frame have a superscript e.

The position of first reference point (waypoint), expressed in the ECEF frame, is
Po, [rpﬁLD) +hy] cosL, :inln
Py = |Poy| = [[(1-er, Ly +hy]eink, Eq. 6
Po [7, Ly +hyl sosLgoosh

The arcraft postion expressed in the ECEF frameis
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Py [rp(Lﬂ) +h,]oosL ‘:inl .

P = |Pyl| = [(1—92)rp£L‘)+h‘] sl Eq.7

Py [,y +h,] ool oosh

Observe that the two radii of curvature, r,(Lo) and r(L,), are, in generd, not equal because they
correspond to different latitudes. The difference vector

Apx pu_-pﬂx

Ap* = pi - by = |Ap,| = |Py Py Eq.8

Ap,| |Pg=Puy

isthe pogtion of the aircraft relaive to the first reference point in the ECEF frame.

North-Pointing Frame

The north-pointing frame is levd (that is, has two axes which are tangent to the WGS-84 dlipsoid) at
the latitude and longitude of the first reference point. Its coordinate axes are: Eagt, E; North, N; and
Up, U.

The pogition of the aircraft relative to the firs reference point, coordinatized in the north-pointing frame
is

Ap, sosk 0 -sink Ap

]

Apy| = |-sinLysink, oosl, -sinlycosdy||Ap, Eq.9

Apy socLysind, sinl, ooslyoosd, | |Ap,

Observe that the 3x3 matrix in Eq. 9 is congant for a given
test program; thus these trigonometric functions need not be y N
computed in red time. A

M easurement Program Frame

The measurement program frame has its origin a the laitude
and longitude of the first reference point. 1ts coordinate axes "
areu, vandw. Axisuisleve, and its postive sense points |

toward the second reference point. It is expected that, in

E
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most gpplications, u will be the dong-runway axis. Angle"" is subtended by axes E and u and is
positivewhen uisnorth of E (seefigure). Axisv isaso levd; it is orthogond to u with postive sense
B/2 radians counterclockwise from u. In most applications, v will be the cross-runway axis. Axisw is
verticd (sameasU).

When angle*" isknown, the position of the aircraft relative to the first reference point, coordinaized in
the measurement program frame, is given by

Ap, ot sing O Apg Apgoose + Ap,y,sine
Ap,| = | -sine cosx O |Apy| = [-Apgsine + Apycosx Eqg. 10
Ap, 0 0 1] |Ap, Apy

Tofindangle"", use Egs. 6-9, with the exception that, in Eq. 7, the latitude L, and longitude 8, of the
second reference point are used in place of those for the aircraft. Denote the result from Eq. 9 by

Ap,(
Apy Eq. 11
Ary
Then'" isgiven by
& = amtan(Ap,’,, Ap,() Eg. 12

where the two-argument arctan function has arguments (opposite Side, adjacent_side).

Notethat * is congtant for agiven test program. Thus, in Eq. 10, the sin/cos terms are also constant
and do not have to be computed in red time.

APPROXIMATE EQUATIONS

The equations below were derived from the exact equations by expanding dl trigonometric (Sn/cos)
expressionsin Taylor series about the first reference point. Asaresult, the trigonometric functionsin
Eq. 7 do not have to be computed in red-time; only addition and multiplication are done in red timeto
implement thistechnique. Numericdl testing has revedled that in the Taylor series expansion, terms up
to and including second-order must be retained in order to reduce the gpproximation error to less than
1 ft for an arcraft within 15 mi of the first reference point.

In place of Egs. 6-9, the expression for each coordinate in the north-pointing frame is computed from a
sum of products, where each product is a congtant (A, B, etc.) times the difference between the aircraft
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and first reference point latitude, longitude, and/or dtitude. Latitudes and longitudes which are “free
ganding” (i.e,, not the argument of atrigonometric function) must be expressed in radians.
APE = AE (A'a._ A'IJ) + 'B.B'haa'a - A'IJ) - cE(La._ LD> (A'a._ A'IJ>
Ag = rp(LD) oos(Ly)
Bg = cote(ly) Eq. 13
Cyp P‘,CLo) em(L,)

Apy = Ay@, - Ly + hy @y L + Byh, - by
Ay = rLyll- e sos’Ly]

Eq. 14
By = 57yl 2Ly

Apy = (hy = hy) = Ay, = Lo = Bylhy= by
Ay = 1Ly Eq. 15

By = 21,y oo’ Ly

Asisthe case for the exact equations, r,(L) denotes the radius of curvature for the first waypoint.

Also asfor the exact method, Eq. 10 is used to find the aircraft pogtion in the measurement frame from
its East-North-Up coordinates.
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